SOLUTIONS OF THE STROMINGER SYSTEM VIA STABLE 
BUNDLES ON CALABI-YAU THREEFOLDS 
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Abstract. We prove that a given Calabi-Yau threefold with a stable holomor- 
phic vector bundle can be perturbed to a solution of the Strominger system 
provided that the second Chern class of the vector bundle is equal to the second 
' Chern class of the tangent bundle. If the Calabi-Yau threefold has strict 517 (3) 

s ! " holonomy then the equations of motion derived from the heterotic string effective 

„Cj ■ action are also satisfied by the solutions we obtain. 

^ ■ 1. Introduction 

^ | In a series of papers Fu, Li, Tseng and Yau (TSJ H51 El E5] have provided first 

Q i examples of solutions of a system of coupled non-linear differential equations which 

arise as consistency conditions in heterotic string compactifications. The system 
of equations is called the Strominger system and has been originally proposed by 
Strominger in [30]. From a mathematical perspective, it can be considered as a 
generalization of the Kahler Ricci-flat equation for the case of non-Kahler Calabi- 
Yau manifolds [IS]. Moreover, the Strominger system is expected [TSJ [Q to play 
an important role in investigating the geometry of Calabi-Yau threefolds within the 
Reid conjecture |28] which relates all moduli spaces of smooth Calabi-Yau threefolds 
by certain birational transformations. 

To solve the Strominger system one has to specify a conformally balanced Hermit- 
ian form on a compact complex three-dimensional manifold X, a nowhere vanishing 
holomorphic (3, 0) form and a Hermitian- Yang-Mills connection on a bundle E over 
this manifold. The consistency of the underlying physical theory imposes a con- 
straint on the associated curvature forms of the connection on the bundle E and 
of a unitary connection on the tangent bundle of X. More precisely, the curvature 
forms have to satisfy the anomaly equation, a non-linear partial differential equa- 
tion. The necessary condition for the existence of solutions of this equation is that 
the second Chern classes of E and X agree. However, although this topological 
constraint can be solved within the framework of algebraic geometry by finding 
suitable stable bundles, the problem which remains is to prove that solutions of the 
Strominger system actually exist. 

One difficulty in obtaining smooth solutions of the Strominger system lies in the 
fact that many theorems of Kahler geometry and thus methods of algebraic geom- 
etry do not apply. Therefore one approach to obtain solutions is to simultaneously 
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perturb Kahler and Hermitian- Yang-Mills metrics and so avoid the direct construc- 
tion of non-Kahler manifolds with stable bundles. This approach has been used in 
|25| where it is shown that a deformation of the holomorphic structure on the direct 
sum of the tangent bundle and the trivial bundle and of the Kahler form of a given 
Calabi-Yau threefold leads to a smooth solution of the Strominger system whereas 
the original Calabi-Yau space is perturbed to a non-Kahler space. One question 
which motivated the present paper was, whether this method can be used also for 
any stable bundle (which satisfy the topological constraint imposed by the anomaly 
equation). A result along this lines has been originally conjectured in a slightly 
different framework by Witten [32] who gave evidence for this in |34|, [35] . 

In this paper we will obtain solutions of the Strominger system using a perturba- 
tive method which has been inspired by the method developed in [25] . Our starting 
point will be a solution of the Strominger system in the large radius limit, given 
by any stable vector bundle on a Calabi-Yau threefold which satisfies the second 
Chern class constraint. This solution is then perturbed to a solution of the system 
using the implicit function theorem. Moreover, if the initial Calabi-Yau threefold 
has strict SU(3) holonomy, the obtained solutions satisfy also the equations of mo- 
tion derived from the effective action of the heterotic string. For this we use a 
result of [11 J and extend the original Strominger system by an instanton condition. 
For the proof of our main result (see Theorem 13. ip we rely on a previous result 
in [25]. Previous examples of simultaneous solutions of the Strominger system and 
the equations of motion on compact nilmanifolds have been obtained in |11] . 

This paper is organized as follows. In Section 2 we briefly review for convenience 
various aspects of the Strominger system and refer for more details to [3Q|. 17]. In 
Section 3 we explain the main result of the paper and the method we use for its proof. 
In Section 4 we prove Theorem 13. 11 In Section 5 we give some examples which satisfy 
the second Chern class constraint and so the hypothesis of Theorem 13.11 Finally, 
in Section 6 we discuss some further directions for research. 

Acknowledgments. We thank A. Prat-Waldron, L. Alvarez- Consul, G. Cu- 
rio, D. Hernandez-Ruiperez, E. Witten and S.-T. Yau for discussion. We thank 
the SFB 647 and the Humboldt University Berlin for financial support and the 
Free University Berlin for hospitality. M.G.F. thanks the Max-Planck-Institute for 
Mathematics for financial support where part of this work was carried out. 

2. Preliminaries 

In [30] Strominger proposed to specify a ten-dimensional space-time that is a 
(warped) product of a maximal symmetric four-dimensional space-time and a com- 
pact complex three-dimensional manifold X in order to compactify the heterotic 
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string. On X one has to specify a Hermitian form u, a holomorphic volume form 
f2 which is a nowhere vanishing section of the canonical bundle Kx = Ox and a 
connection iona complex vector bundle E over X with vanishing first Chern class 
c\{E) = 0. To get a supersymmetric theory the gauge field A has to satisfy the 
Hermitian- Yang-Mills (HYM) equations 

(1) F 2 '° = F°' 2 = 0, FAo; 2 = 0, 

where F denotes the curvature two form of the connection A. If w is closed, the 
Donaldson- Uhlenbeck-Yau Theorem [91 [31] states that if E is a w-stable holomorphic 
vector bundle, then there exists a connection A on. E such that the HYM equations 
are satisfied. A similar result holds for arbitrary Hermitian metrics (i.e. for non 
closed (J) as proved in [21]. 

In addition, supersymmetry requires that the Hermitian form to and the holo- 
morphic three form fi have to satisfy the dilatino equation 

(2) efw = »(0 -S) log |[fi|[ wj 

where 3 and d denote the Dolbeault operator on X and its conjugate and d* is 
the adjoint of the exterior differential d with respect to ui. In |25} Lemma 3.1] it is 
shown that this last equation is equivalent to 

(3) dmW^ 2 ) = 0, 

where 1 1 ST2 1 1 ^ denotes the point-wise norm of with respect to uj. Note that ([3]) 
implies that uj is conformally balanced. Moreover, to get a consistent physical 
theory the Hermitian form uj and the curvature two form F have to satisfy the 
anomaly equation 

(4) idduj = a'(tr(R A R) — tr(F A F)), 

where R is the curvature of a w-unitary connection on the tangent bundle TX and 
a' is the slope parameter in string theory. As mentioned in the introduction, the 
existence of a solution of flU) requires that the topological condition 

(5) c 2 {E) = c 2 (X) 

is satisfied. The coupled system of differential equations ([I])-® defines what is 
called the Strominger system. 

As we are interested in also solving the equation of motion derived from the 
heterotic string effective action, we apply here a recent result obtained in \22\ lllj. 
This result states that a solution of the Strominger system (the supersymmetry and 
anomaly equation) implies a solution of the equation of motion if and only if the 
connection on TX is an SU(3) instanton, that is, the curvature two form R has to 
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satisfy 

(6) R 2fi = R ' 2 = 0, RAuj 2 = 0. 

As pointed out in [22] , equation ([6]) completely determines the choice of w-unitary 
connection in the anomaly equation @) up to gauge transformations. 

3. Method and Main Result 

We now explain the method we will adopt in order to obtain simultaneous solu- 
tions of the Strominger system ([T])-([5]) and ([6]). We first note that the above system 
is invariant under rescaling of the Hermitian form u, except for the anomaly equa- 
tion. Given a positive real constant A, if we change uj — > Xuj and define e := a' /X 
we obtain the new system 



(7) F 2 ' = F ' 2 = 0, F A uj 2 = 0, 

(8) dmw^ 2 ) = o, 

(9) idduj — e(tr(R A R) — tr(F A F)) = 0, 

(10) R 2 ' = R°> 2 = 0, RAw 2 = 0, 



that will be called in the following the e-system. Here we use the equivalence between 
the dilatino equation ([2]) and the conformally balanced condition ([3]), given by |25[ 
Lemma 3.1]. Therefore, any solution of the e-system with e > is related to the 
original system after rescaling. In the limit A — > oo a solution of the e-system is given 
by a degree zero stable holomorphic vector bundle Bona Calabi-Yau threefold, as 
we state in Lemma B~T1 The next step is then to perturb a given solution with e = 
to a solution with small e > 0, i.e., with large A. For this, we perturb the Kahler 
form of the given Calabi-Yau threefold into a conformally balanced Hermitian form 
on the fixed complex manifold while also perturbing its Chern connection and the 
unique HYM connection on the bundle E, whereas we preserve the HYM condition. 
Moreover, in order for Q to have a solution, the topological obstruction 

(11) c 2 (E) = capo, 

must be satisfied. This provides our starting point. 

Let (X,cjq) be a compact Calabi-Yau threefold with nowhere vanishing (3,0)- 
holomorphic form $7. Let E be a stable holomorphic vector bundle over X satisfying 
(|lip with rank r and c\(E) = 0. In this setting an unknown of the e-system 
corresponds to a triple (h,oj,d TX ) where h is a Hermitian metric on E, oj is a 
Hermitian form on X and 

d TX : U°(TX) -> n°^(TX), 

is an integrable Dolbeault operator on TX (regarded as a smooth complex vector 
bundle) satisfying d 2 = 0. Recall that the integrability condition implies that 
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there exist holomorphic coordinates on TX with respect to d TX (see e.g. [?]). The 
curvatures R and F correspond to the Chern connections of u) and h on the holo- 
morphic bundles (TX, d TX ) and E, respectively. In holomorphic coordinates for 
d TX and E we can write 

(12) R = d(h- 1 dh ul ) and F = d(h~ 1 dh), 

where h u denotes the Hermitian metric on TX determined by u). Note that the 
condition on the (2, 0) and (0, 2) part of R and F in (|10p and ([7]) is always satisfied. 

The fixed data (E, X, ujq) provide a canonical solution (ho, u!o,Bq) in the limit A — > 
oo, where ho is the unique Hermite-Einstein metric on E, given by the Donaldson- 
Uhlembeck-Yau Theorem, and do is the Dolbeault operator on TX determined by 
the holomorphic structure on X. Our main result is: 

Theorem 3.1. Let E be a degree zero holomorphic vector bundle over a compact 
Calabi-Yau threefold (X,uq). If 02(E) = C2(X) and E is stable with respect to [uio}> 
then there exists Ao 3> and a C 1 curve 

]A , +oo[9 A -> (h\, lu\, B\) 

of solutions of the Strominger system such that d\ is isomorphic to do for all A and 
(h\, ^,d\) converges uniformly to the canonical solution (ho,oJo,do) when A — > 00. 

Moreover, if (X,ujq) has holonomy equal to SU(3) then (h\,GJ\,d\) solves also ([6]) 
and so it provides a solution of the equations of motion derived from the effective 
heterotic string action. 

The perturbative process provided by Theorem 13.11 leaves the holomorphic struc- 
ture of E unchanged while the one on TX is shifted by a complex gauge transfor- 
mation and so remains isomorphic to the initial one. Since E admits an irreducible 
solution of the Hermite-Einstein equations with respect to any element of the fam- 
ily of conformally balanced metrics uj\, it is w^-stable for any A. Recall that the 
stability condition for a holomorphic vector bundle E over X with respect to uj\ is 
defined in terms of slopes of coherent subsheaves as in the Kahler case where the 
degree is computed by c\(E) ■ [||f2|| w u; 2 ] (see [26J). The same holds for TX, when 
(X, ujo) has holonomy equal to SU(3). 

We now sketch the idea underlying the perturbative process in Theorem 13. II We 
consider a 1-parameter family of maps between suitable fixed (Hilbert) spaces 

I/: Vi -> V a , 

indexed by e S R which acts on triples (h,uj,d TX ) € Vi and whose zero locus 
corresponds to solutions of the e-system. This way, the equation L e = with e ^ 
corresponding to the e-system is related to a simpler one at e = which has a known 
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canonical solution (ho,u>o,do). Proving now that the differential 

5 L°: Vi -> V 2 , 

at the initial solution is an isomorphism, an implicit function theorem argument 
shows that there is a solution of 1/ = nearby (ho, ujq, Bq) G Vi in an open neigh- 
borhood of e = G R. 

To give a more precise description of the method, we introduce some notation 

that we use in the sequel. Let (ho,ujo,do) be the canonical solution of the e-system 
at e = associated to E and (X,ujq). Let H(E)i be the space of Hermitian metrics 
h on E whose induced metric on A r E = Cx is the constant metric 1. We identify 
its elements with determinant one symmetric endomorphisms of (E, ho) via 

(13) (u,v) h = {hu,v) ho , 

for u,v smooth sections on E. Let H(X) be the cone of positive definite Hermitian 
forms on X, regarded as an open subspace of fi K ' (X). As in (fTBj) . given uj G T~L(X) 
we identify the corresponding Hermitian metric h u with a symmetric endomorphism 
of (TXjhuo). Let T>(TX) be the space of integrable Dolbeault operators on TX, 
regarded as a smooth complex vector bundle. Given a real vector bundle W over 
X, we denote by Q^ q (W) and W^(W) the space of smooth real (p, q)-type forms 
and m-forms on X with values in W. Let ado E and adTX be the smooth real 
vector bundles of traceless Hermitian antisymmetric endomorphisms of (E, ho) and 
Hermitian antisymmetric endomorphisms of (TX,ljq), respectively. Then, we define 
the operator 

(14) L e : H(E)i x Ti(X) x V(TX) n|(ad E) © 0| 2 (X) ^r(^) © fi|(adTX), 
as the direct sum L € = Li L| © L3 © L4, where 

Ll(h,u) = (h 1 / 2 ■ F ■ hT x l 2 ) A uj 2 Gfi|(adoS), 

L e 2 (h,u,B TX ) = idduj-e{trRAR-tvF A F) G ^ ,2 (X), 

(15) 

L 3 (w) = *dm\\ LU u 2 ) GO^(X), 

L 4 (w,a TX ) = (hi! 2 ■ R ■ K 1/2 ) aw 2 e n|(adrx). 

Here * is the Hodge star operator of coo, R = R Wt Q Tx is the curvature of the Chern 

connection of uj with respect to d TX and F = F^ is the curvature of the Chern 
connection of h on the holomorphic bundle E. Since R and F are of type (1,1) 

(see CE2])), we have h l / 2 Fh- 1 / 2 G 9^(ad Q E) and ht/ 2 Rh^ 1/2 G ^(adTX). 
Hence, the zero locus of L e corresponds to solutions of the e-system and (see 
Lemma 14. ip 

(16) L (h ,u ,d ) = 0. 
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We then apply the implicit function theorem to perturb the given solution (ho, ojq, Bq) 
of (|16|) to a solution of the e-system with e > 0. In order to do this, we consider 
suitable Hilbert spaces Vi and V2 (see (f26|) and (f27|l ) and L e as a map 

(17) L e :U^V 2 , 

where U C V\ is an open subset of Vi. The space V\ is a Sobolev completion of 
the space of those triples (h,[i,5 TX ) € T-i(E)\ x fij^X) x V(TX) such that B TX is 

isomorphic to Bq via a complex gauge transformation on TX, while U is defined by 
the locus where \x is positive definite. The space V2 is simply a Sobolev completion 
of the codomain in ()14|) . For simplicity, in this section we identify (/to,Wo, Bq) with 
the origin £ Vi . The rigorous analysis is done in £01 We compute the linearization 
of ([TTD at when e = 

5qL° = 5qLi 5qLI © 5 L 3 © <5 L 4 : Vi -> V 2 

and study its mapping properties (see Lemma B~2"l and (|2"5|) ). By standard properties 
of the HYM equation, the higher order derivatives in the linear operators 5qL\ and 
5qIj4 come from the Laplacian 

(18) A A :fi&(ad £)->J4(ad £), 
induced by the Chern connection of ho on E and the Laplacian 

(19) A : Ql(adTX) -> O^(adTX), 

induced by the Chern connection of ujq on TX, respectively. Here we identify the 
codomain in (fT8|) (resp. in (fT9]l ) with J)^(ado-E) (resp. Jl^(adTX)) in (fT5|) via 

a; 3 

multiplication by the volume form A crucial ingredient in our argument is the 
previous study in [25J of the linear operator 

(20) T := 5 L° 2 5 L 3 . 

To apply the implicit function theorem we need that the differential of our operator 
induces an isomorphism at S Vi, so we redefine (|17|) as follows: first, we define 
the domain Wi C Vi and codomain W2 C V2 of the new operator. Let 

Wi := (OeKerTeKer Ao)" 1 , 

where (O0Ker T©Ker Aq) 1 - denotes the orthogonal complement in Vi of the direct 
sum of Kernels KerT Ker A corresponding to (JT5)). (fT9j) and ([20]). Note 
here that Ker Ao is given by the covariant constant sections in J7j^(adTX), which 
correspond to the Lie algebra of the centralizer of the holonomy group of Vo in 
U(3). Note also that, since E is stable, Ker A A = 0. By previous analysis in |25[ 
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Proposition 3.3], the range ImT of (|20|) is closed and so, by the ellipticity of A^ 
and Aq, 

W 2 := Im A A © Im T © Im A , 

defines a closed subspace of V2. Then, we consider the orthogonal projection 
IIw 2 : V2 — > W2 and define a new operator 

by composition M e := II>v 2 oLj^. In Proposition 14.41 we prove that the differential 

of M° induces an isomorphism at G Wi which allows to apply the implicit function 
theorem in the proof of Theorem 13.11 This provides solutions of M e = with e > 
which are smooth by standard elliptic regularity (see Lemma I4.5p . An explicit 
description of M e (see ([55]) ) shows that a solution (h, uj, d TX ) of M e = corresponds 
to a solution of ©-([9]) (and so of the Strominger system) provided that 02(E) = 
C2(X). Moreover, such a triple satisfies 

Tj4(h,u,B TX ) £ Ker Ao • ujq. 

When (X,uo) has strict SU(3) holonomy, Ker Ao reduces to the constant endomor- 
phisms iKId which allows to prove that actually Jj^(h,uj,d TX ) = in the proof of 
Theorem 13.11 

4. Existence of solutions 

Let X be a compact complex manifold endowed with a nowhere vanishing (3, 0)- 
holomorphic form CI. Let E be a holomorphic vector bundle over X with rank r 
and c\(E) = 0. We fix a Hermitian form ujq on X and a reference Hermitian metric 
ho on E. Using the same notation as in £j3j given e € M. we define a differential 
operator 

(21) L e : H(E)x x T-L(X) x V(TX) -> n|(ad ®Vl 2 /(X) ®Q^(X) ®Q^(adTX), 

as the direct sum L e = Li ©L2 ©L3 ©L4 (see (|15p). We identify now the zero locus 
of L e , with e = 0, relying on previous results on |30| and [23J. Let 

(h,u,B TX ) G H(E) X x H(X) x D(TX). 

Lemma 4.1. L°(h,uj,d TX ) = if and only if uj is the Kdhler form of a Calabi-Yau 
metric on X, h is Hermite- Einstein with respect to oj and d TX = do up to gauge 
transformation on (TX^h^). 

Proof. Note first that Li(/i,u>) = if and only if h is Hermite-Einstein with respect 
to uj. We start with the 'if part' of the statement. Since uj is Ricci flat, CI is parallel 
and so has constant norm. Hence, duj = implies L^/i, w,5 TX ) = ^(uj) = 0. The 
Chern connection of uj with respect to <9q is HYM and so Ti^(u}, d TX ) = for any d TX 
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gauge equivalent to Bq. For the 'only if part', 1^3(0;) = implies that the Bismut 
connection of ui has S'L r (3)-holonomy (see [301 Section II]). Moreover, L^w) = 
implies that BBuj = 0. Applying now [23, Corollary 4.7], the Bismut connection and 
the Chern connection coincide and uj is the Kahler form of a Calabi-Yau metric on X. 
Since Jj4(uj,B tx ) = and the Chern connection of the Calabi-Yau metric is HYM, 

uniqueness implies that B TX = Bo up to gauge transformation on (TX, h w ). □ 

In the sequel we assume that (X,cjq) is a Calabi-Yau threefold and that E is 
stable with respect to [uo], with ho € H(E)\ the unique Hermite-Einstein metric 
given by the Donaldson-Uhlenbeck-Yau Theorem. By Lemma 14.11 (hQ,uo,Bo) is a 
solution of L° = 0. We compute now 

(5 L° = 5 Li 5 l>2 © £oL3 © S L 4 , 

the differential of L° at (ho,ojQ,do), and study its mapping properties. Let Da and 
Vo be the covariant derivative of ho on E and h UQ on (TX,Bq) and consider their 
standard decompositions 

D A = d A + B A and Vo = <9 + d , 
with respect to the complex structure on X. We use the canonical isomorphisms 

Th T-i{E)\ i • ft°(ad E), T Wo H(X) S &/(X), 

the inclusion T Bq V(TX) C fi°' 1 (End(TX)) and denote < c := G R. The 

elements in Tf lQ M(E)\, T^H^X) and Tq q V(TX) are denoted respectively by <5/i, 

Jo; and 59. Given Jo; € fii (X), we denote by the symmetric endomorphism 
of (TX, h Uo ) determined by the identification between Hermitian metrics and de- 
terminant one symmetric endomorphism given by (v)ft u = {hu'i')h uo ( c ^- CG2))- 
Let 

(22) A A := D\D A + D Aj D^ : O^(ad E) ->• O^(ad £), 

denote the Laplacian operator induced by A, where is the adjoint of D A with 
respect to ho and u>o- In the sequel we use the standard notation d c = i(B — d). 

Lemma 4.2. The map SoL° is given by 

doL^Sh, 5u) = A A (-iSh)-^- + 2F ho A Soj A u , 

5 L° 2 (5oj) = \dd c (Su), 
5oL^(5uj) = cd*(25ui — (ujo,Su)ujo), 
SoL^du, SB) = V (5<9 - (SB)*) A Wq + B Bo(Sh UJ ) Aw 2 + 2R Vo A Sui A cj , 
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where (5d)* and (u)o,5ui) denote the adjoint of Sd and the inner product on forms 
with respect to loq, respectively. 

Proof. The formula for 60^2 ^ s obvious, since dd c is a linear operator. The 5qL,3 
term has been computed previously in (25j Proposition 3.2], where c = ||n|| WQ . For 
the computation of <5oL4, recall that an infinitesimal change <5V in the connection 
Vo produces an infinitesimal change of the curvature 5R(5S7) = Vo(<5V). Then, 
since 

<5 L 4 (5u;, 68) = 5R(5d) Aw 2 + 8R(8h u) ) Awq + 2R Vo A 5oj A u> , 

the result follows from 5V(5d) = 5d — (58)* and 6S/(6h UJ ) = d^dh^. A similar 
computation shows that 

S Li(Sh, 5uj) = dAdA{d~h) Awq + 2F ho AfoAwo, 

and using the Kahler identities on (X, ojq) we obtain (see the proof of O Proposi- 
tion 3]) 

(23) B A d A (5h) A ul = A A (-iSh)^, 

proving the claim. □ 

In order for our deformation map to have domain and codomain which are (lo- 
cally) isomorphic, we consider the map 

^(adTX) -> V{TX) : a i-> B a := e ia d e~ ia , 

given by the standard action of e m on do, which is well defined since = 0. Note 
that any element in the image of this map is isomorphic to 8q via a complex gauge 
transformation. Furthermore, we use the isomorphism (cf. (|13p ) 

nl{ad E) ^n(E)v. b ^ (h b -,-) ho , 

where hi, = e lb to define a new operator by 

(24) (b,u,a) (->■ L e (h b ,oJ,8 a ), 

with domain Oj^(ado E) x 'H(X) x f2|g(ad TX) and codomain as in (|2ip . For simplic- 
ity, the operator defined by (|24[) will also be denoted by I/. Note that the canonical 
solution of L° = is now given by (0,wo>0) and that the expressions for 5qL^ and 
5qLi^ in the differential <5oL° at (0,wo>0) remain unchanged (see Lemma l4.2p . while 
the new expression for 5qL\ is obtained by the change of variable 5h = ib. To 
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compute the new expression for <5oLi4, let (n,a) £ £1 K ' (X) © $7jg(adTX). Then, 
5 L 4 (/i, a) = V (-id a - (-id a)*) Awq + dodoh^ Awq + 2i? Vo A /x A w 

(25) = 2f<9 <9oa Aw„ + B^d^h^ Awq + 2i? Vo A/iAw 

= ^A (a - ^)^j + 2i? Vo A/iAw 0l 

where /i„ denotes the symmetric endomorphisms of (TX, /i wo ) determined by /x and 
Ao denotes the Laplacian operator induced by the connection Vo (cf. ([22]) ). Here 
we have used the equality 

(—idodoa + idodoa) Awq = 2idod~oa A ojq — iR\/ a Awq = 2idod~oa A Wgj 

together with (i^oa)* = idoa and the analogue of formula (|2"3"j) for Ao- 

To study the mapping properties of <5oL° we introduce Sobolev spaces. Given a 
smooth real vector bundle W over X endowed with a metric, we consider the real 1? 
pairings on Q^(W) and Q^ q (W) provided by the metric on W and the Kahler form 
ujq. Let Q"^(W) L 2 and Q^ q (W) L 2 be the respective Sobolev completions, consisting 

of sections whose first ^-distributional derivatives are in I? . Since dime X = 3, the 
Sobolev embedding theorem (see e.g. [5]) states that if k > 3 + I then the elements 
in Q^(W) L 2 and Q R q (W) L 2 are of class C l . Furthermore, for k > 3 these spaces 
are Banach algebras. Let k > 3 and consider the Hilbert spaces 

(26) v x := n R (Bd o E) Ll ®ni 1 (x) Ll ®n° R (adTX) Ll , 

and 

(27) V 2 := n|(ado£0 £ 2_ a ©^(X)^ 8 ^(X)^ OKadTX)^, 

where the metric on the bundles ado-E 1 and adTX is given by — tr. Let U C Vi 
be open subset given by triples (/i, /i, a) € Vi such that fi is positive definite. By 
the Banach algebra properties of the previous spaces for k > 3, the operator ([2T]) 
induces a well defined map 

(28) \I:U^V 2 - 

A straightforward computation of the differential of L e at an arbitrary point of IA 
shows that (f2"gj) is a C 1 map (cf. Lemma FOl and [25J Proposition 3.2]). 

To apply the implicit function theorem we need that the differential of our map 
induces an isomorphism at (0,u>o,0), so we redefine (j28|) as follows. Let 
(29) 

A A : ^(ad £) L? O°(ad ^) L? , A : ft°(adTX) i? -> tt°(adTX) i? , 
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be the operators induced for any k by the Laplacians A^ and Aq, respectively. Note 
that, since E is stable, Aa in (|29p is an isomorphism. Consider the differential 
operator 

T: n 1 /(x) Ll nf{x) LU ®nUx) LU , 

given by 

(30) T(p) :=<5oL 2 ©5oL3 Qj) = (^dd c fx, c cf(2/i - (ji, Uo)u )). 

Note here that T only depends on (X,ljq). We now recall a previous result due 
to Li-Yau concerning (|30p (contained in the proof of [25 1 Proposition 3.3]) which is 
crucial for our argument. Let lm(dd c ) C Q^ 2 (X) L 2 and Im(d*) C Q^(X) L 2 ^ be 
the closed subspaces given by the range of the differential operators 

dd c : ni\X) q n 2 /(X) L 2_ 2 and d* : ^\X) L 2 -> fiiPO^- 

Proposition 4.3 (Li & Yau). Tfoe operator T /ias closed range ImT given by 
\m{dd c ) © Im(d*) and zts kernel KerT C fiJ (X) is the subspace of ujQ-harmonic 
(1, 1) forms on X. 

Consider the closed subspace © Ker T © Ker Ao of Vi given by the direct sum of 
the Kernels of the operators in (|29p and (|30p . We denote its orthogonal complement 
by (0 © Ker T © Ker Ao)" 1 and consider 

(31) WVi^Vi, 

the translation operator defined byin->v + (0, ujq, 0). Consider also the closed affine 
subspace t wo ((0 © Ker T © Ker Ao)" 1 ) C Vi and define 

Wi := U n t W0 ((0ffi KerT© Ker A ) ± ). 

Trivially, (0,wo,0) G W\. By ellipticity of A^ and Ao in (f29~P we have closed 
subspaces 

ImAi C n|(ad -B) L 2 Im A C n^{adTX) L 2 , 

k— 2 fc — 2 

where we identify the codomains in (j29|) with f}j|(ado i?)^ and f]^(adTX) L 2 ^ 

via multiplication by the volume form Hence, by Proposition 14.31 we have a 
closed subspace of V2 given by 

W 2 :=ImA A ffiImTffiImAo C V 2 . 

Let ilw 2 : V2 — > W2 be the associated orthogonal projection. The map we are going 
to use in the perturbative argument is 

(32) M e : Wi -»• W 2 , defined by M e := n W2 o Lf w , 
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where o denotes composition and Lj^ is the restriction of (|28|) to Wi- We find 
now a more convenient expression for (|32p . Consider the orthogonal projections 



(33) II T : 4' 2 (Z) L 2_ 2 ®nl(X) Ll i -HmT, 

(34) n Ao :0|(adrX) i2fc _ 2 ^ImA . 

Since A A induces an isomorphism in (|29p we have 

(35) M e = Li © n T o (L| © L 3 ) © n Ao o L 4 . 



Further, if the condition 02(E) = C2(X) is satisfied then ImL| C Im(<id c ) and so 
we have IIt (L| © L3) = L| © L3. The choice of M e is now justified by the next 
result, which is independent of the mentioned topological condition. 

Proposition 4.4. The differential 6 &P of at OfW is an isomorphism. 

Proof. First, we prove that <5oM° : (0 © Ker T © Ker Aq) 1 - — >• W2 is surjective. For 
this, note that by ([35]) we have 

(36) 5 M° = SqU © T © n Ao o 5 U- 

Moreover, it follows from Lemma 14.21 and formula (|25p that 

a; 3 

<y Li(6, /x) = A A (b)-£ + 2F^ A n A w , 

(37) * 

1 i/i 

n Ao o5 L 4 (/i,a) = -A (a + n A ( 2 -Rv A^Aw ), 

for any (6,/i) G fig,(ad .E) L 2 © O*' 1 ^)^ and (/i, a) G ^(X)^ ©0^(adTX) X 2. 
Hence, by ()37p and stability of E we have that 

(38) ^ LieT: (OffiKerT)" 1 ^ImA A ffiImT, 

is surjective, where (0©KerT)^ C n^(ado-E)x,a © {X) L 2. Similarly, it follows 
from that 

(39) T © n Ao o <5 L 4 : (Ker T © Ker Ao)" 1 Im T © Im A 

is surjective, where (Ker T © Ker Aq) 1 - C Q^ 1 (X) L 2 © Q,^(adTX) L 2. The surjec- 

tivity of 5oM° is a direct consequence of the surjectivity of ([38]) and (f39|) . To prove 
the injectivity, let 

(6, /i, a) G (0 © Ker T © Ker Aq) 1 

such that 8oMP(b, /it, a) = 0. Then, by ([36]) we have T(/i) = 0, and so \i = 0, and it 
follows from (JHTJ) that A A (b) = and A (a) = 0. Finally, b = by stability of £ 
and a = since a G Ker Aq~, which proves the claim. □ 
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Before we go into the proof of the main theorem we prove a technical lemma 
concerning the regularity of the solutions of M e = 0. We assume 02(E) = C2(X), so 
that n T o (L| L 3 ) = L| © L 3 . 

Lemma 4.5. If k > 5 and e > is small enough, then if h, lo and a satisfy 
M^Qi, u, a) = they are of class C°°. 

Proof. As k > 5, we have that h, to and a are of class C 2 ' a for any < a < 1. We 
argue by induction on m. For this, assume h, ui and a are of class C m ' a . Then, by 
(131>j) . /i and a satisfy 

(40) Li(/i,w) = n Ao oL 4 (w,a) = 0. 

In holomorphic coordinates for the bundle E, the first equation implies the equality 

(41) BdhAuj 2 = -hB{h- 1 )AdhAuj 2 , 

and since the LHS defines a linear elliptic operator of order two with C m ' a coeffi- 
cients h is of class C m+1,a (see Theorem 3.55]). We claim that e 2%a h^ is also of 
class C m+1,a . To see this, note that Rh^fia = em ^-e 2ia h^,8 e ~ m an d that the second 
equation in (|3D|) is equivalent to 

(42) L 4 (w,o) = (Id-n Ao )L 4 (w,a). 

Therefore, the claim follows, similarly as for /i, by taking local holomorphic coordi- 
nates for do on TX. Note here that (Id— IIa ) equals the orthogonal projection on 
the space 

(43) KerA |> cf4(adTX) LL2 , 

whose elements are of class C°° by elliptic regularity of Ao- Hence, the proof reduces 
to prove that uj is of class C m+1,a . For this, note first that from L|(/i,w,a) = 
one can easily obtain now that ddu is of class C m ~ 1,a , as h and e 2ta h^ are of 
class C m+1,a . Write now u = ujq + fi, for a (l,l)-form \x on X. By the Hodge 
decomposition for the <9<9-operator with respect to ujq we have 

fj, = a + dd(f> + fiH, 

where [in is 39-harmonic, a = (dd)*ddip and <j) = (dd)*ip for some (1, l)-form tp of 
class C m+A,a . Hence, as dduj = dda and Agg^a = (dd)*dda we conclude that a 
is of class C m+1 ' a . Finally, from hs(oj) = it follows easily that ||fi||u> is of class 

C m+l,a gince 

d(||0|U Aw 2 = -\\ttWu2duj' Aoj, 
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where u' = loq + a + is of class C m+1,a . Since e is small, oj' is non-degenerate 
and hence (j) is of class C m+3 ' a by regularity of the Monge-Ampere equation (see 
|18|. Lemma 17.16]). This concludes the proof. □ 

We are now prepared to prove Theorem 13.11 Recall from £}3]that (/io,wo,<9o) is 
the canonical solution of the e-system with e = 0, identified with the large radius 
limit A — >• oo of the Strominger system and ([6]). 

Proof. By Proposition 14.41 M e : VVi — > W2 defines a C 1 map whose Frechet deriv- 
ative at (0,^0)0) with e = is an isomorphism. Applying the implicit function 
theorem (see e.g. Theorem 3.10]), there exists eo > and a C 1 curve 

] - eo,eo[-» Wi : e (-> (6 e ,w £ ,a e ) 

such that M e (6 e , w e , a e ) = for all e E] — eo,eo[- Since C2(S) = 02(A), by (f3"5j) we 
have 

(44) Li e L2 e l 3 e n Ao o L 4 (/t e , w e , a e ) = o, 

and by Lemma 14.51 the three elements b 6 , uj e and a 6 are of class C°°. Setting now 
A := we obtain a C 1 curve ]Ao,+oo[— >• A — > (h\,uj\,d\) := (/i& E , Acj £ , <9 a J of 
solutions of the Strominger system which satisfies the first part of the statement. 
For the second, suppose that (A, uo) has holonomy equal to 5t7(3). Then, Ker Ao = 
iKId and we have the orthogonal projector 

/j3 la % Id — \ j 2 3 

n := (Id -n^) : ^4(ad TA) L 2 ^ zRId -^ a -»■ ' i Id 

3 3 

Note that (a,ild-^-) L 2 = f x itra and \\i Id || 2 2 = rVol(o;o), where r is the rank 
of E, so explicitly we have 

f v tr f R. , 5 A a; 2 

< 45 > n ° L ''"-°» Jl r v,£) iId i- 

which may vary with (w, a) since w is not necessarily closed. Given e E] — eo,eo[> 
by ([M]) we have tidjfiH^w 2 ) = and n Ao L4(w e , a e ) = 0, which is equivalent to 

(46) L4(w e ,a £ ) =IIoL4(w e ,o e ). 

We multiply by i||fi|| w<i on both sides of (f4"6"|h take the trace and integrate over A, 
therefore obtaining 



= ci(A)-[||ft|U^ 2 ]= / ||n|| We *trnoL 4 (a; e ,a e 

Jx 
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where • denotes intersection product in cohomology. Here we have used c\{X) = 
and formula ([35]) . Hence, since ||f2||w e is everywhere positive, we have 

/ triR^ Q£ Aw £ 2 = 
and so L^u^, a e ) = IIo Jj^(uj t ,a t ) = which proves the statement. □ 

5. Examples 

In this section we give some known examples of stable vector bundles on Calabi- 
Yau threefolds satisfying the hypothesis of Theorem 13.11 

Let us note that there are presently no general results available concerning the 
geometry of moduli spaces of stable bundles (or sheaves) on Calabi-Yau threefolds 
which could provide solutions of the second Chern class constraint © and so give 
a large class of examples where Theorem 13.11 applies. One way to find examples 
of stable bundles which satisfy the constraint is to explicitly construct them on a 
given Calabi-Yau threefold. 

The probably most prominent threefold is the quintic Calabi-Yau threefold. A 
stable rank four vector bundle of vanishing first Chern class on the quintic which 
satisfies the Chern class constraint has been constructed in [5] using the vector 
bundle construction of [27]. Another example of a stable rank four bundle on the 
quintic threefold which satisfies the constraint is given by a smooth deformation 
of tangent bundle and the trivial line bundle |21j . We note that the result of |21] 
combined with Theorem 13.11 provides also a new proof of [25, Theorem 5.1] which 
moreover assures that (for the generic quintic) the solutions of the Strominger sys- 
tem satisfy also the equations of motion derived from the effective heterotic string 
action. An extensive search for vector bundles on the quintic Calabi-Yau threefold 
which satisfy the second Chern class constraint has been performed in [10J using the 
monad construction. These bundles have been further investigated in [6] proving 
stability of some rank three bundles. 

Elliptically fibered Calabi-Yau threefolds with section have been also extensively 
investigated. In [3] a class of stable extension bundles has been constructed which 
satisfy the second Chern class constraint. More generally, if the Calabi-Yau mani- 
fold admits a fibration structure, a natural procedure to describe moduli spaces of 
sheaves and bundles is to first construct them fiberwise and then to find an appro- 
priate global description. This method has been successfully employed to construct 
stable vector bundle on elliptic fibrations (cf. Section 6) and on K3 fibrations. 
However, these bundles do not satisfy ([5]), but only a generalized constraint (see 
(|47p ) which lead us to the topic of the next section. 
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6. Further Directions 

In more general string backgrounds (i.e., if a number of five-branes contributes 
to the compactiflcation, cf. [121 [33]), the role of the integrability condition © is 
played by the generalized cohomological condition 



with [W] an effective curve class. Three approaches to construct holomorphic G- 
bundles on elliptically fibered Calabi-Yau threefolds X that are capable to satisfy 
(pET|) have been introduced in [12l [131 E] ■ The parabolic bundle approach applies for 
any simple G. One considers deformations of certain minimally unstable G-bundles 
corresponding to special maximal parabolic subgroups of G (cf. also [1]). The spec- 
tral cover approach applies for SU{n) and Sp{n) bundles and can be essentially 
understood as a relative Fourier-Mukai transformation. The del Pezzo surface ap- 
proach applies for E%, Ej and E$ bundles and uses the relation between subgroups 
of G and singularities of del Pezzo surfaces. 

Condition (|47p can be understood as an integrability condition for a generalized 
anomaly equation which in the context of the present paper is given by 



Here the sum is taken over a union of holomorphic curves representing W and 5§ 

can be understood as a current that integrates to one in the direction transverse to 

a single curve. One way to view the 5$ contribution to the anomaly equation is to 

consider the gauge field in ()48|) as a singular limit of smooth solutions of the HYM 

equation which degenerate such that (a part of) the tr F A F term becomes a delta 

function source. This limit can be understood as the analog of the small instanton 

limit in complex two dimensions which leads to the Uhlenbeck compactiflcation of 

the underlying moduli space. Another way is to consider the fields in (|48p as smooth 

fields in the non-compact manifold given by the complement of a subvariety on X 

with behavior at 'infinity' fixed by the <5s contributions. It is plausible that the 

implicit function theorem argument can be generalized to find solutions in this last 
case. 

Let us note that solutions of the Strominger system and of the equations of motion 
describe supersymmetric configurations in the low energy field theory approxima- 
tion of heterotic string theory. More generally, these equations include terms of 
higher order in a' . In [30] it has been argued, heuristically, that solutions of the 
low energy field theory imply solutions (to all finite orders) of the fully a'-corrected 
equations. This agrees also with predictions one gets from a non-renormalization 
theorem for the low energy superpotential. Using a perturbative expansion of the 
gauge connection and the metric around a Calabi-Yau manifold with fixed complex 
structure [32] these predictions have been checked [SI EH] (see also [30]) for the 



(47) 



c 2 (X) =c 2 (E) + [W] 



(48) 
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first few orders in the expansion in the special case of a deformation of the direct 
sum of the tangent bundle and the trivial line bundle. The only obstruction en- 
countered in this procedure is the integr ability condition imposed by the anomaly 
equation. However, it is an open problem to prove that the expansion encounters 
no obstructions at any order and that exact solutions of the a'-corrected equations 
exist. 

Therefore it is plausible that the method applied in this paper leads also to 
solutions of the a'-corrected equations. 
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